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Abstract 



We derive some rational solutions for the multicomponent and matrix KP hierarchies gen- 
eralising an approach by Wilson. Connections with the multicomponent version of the KP/CM 
correspondence are discussed. 

1 Introduction 

The KP hierarchy is an integrable hierarchy of partial differential equations generated by a pseudo- 
differential operator of the form 

L = D + mD- 1 +u 2 D- 2 + ... (1) 

Here the (itj)i>i arc elements of a differential algebra A of smooth functions of a variable x (with 
D = d/dx) and a further infinite family of variables t = (tj)j>i . The evolution of L is determined 
by the following system of Lax-type equations: 

d k L=[B kl L] (fc>l) (2) 

where d k — d/dt k and B k = (L k ) + . All these equations commute, and the variable x may be 
identified with t±. This hierarchy of equations is naturally viewed as a dynamical system denned 
on an infinite-dimensional Grassmann manifold, as discovered by Sato [9] . In [TO] Segal and Wilson 
developed a very general framework for building solutions to the KP hierarchy out of the points of 
a certain Grassmannian Gr(H) of closed subspaces in a Hilbert space H. 

The multicomponent KP hierarchy (mcKP) is a generalisation of the KP hierarchy obtained by 
replacing A with the differential algebra of r x r matrices whose entries belong to an algebra of 
smooth functions of a variable x and r further families of variables 



i>i 



which we will collectively denote by t. The operator |T]) now becomes 

L = D + U X D- X + U 2 D- 2 + ... (3) 
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where (£/j)j>i are r x r matrices. To define the evolution of L we introduce a set of r matrix 
pseudo-differential operators R a of the forrrfj] 

R a = E a + R^D- 1 + R 2a D- 2 + ... (4) 

where E a is the matrix with 1 in the entry (a, a) and zero elsewhere. These operators are required 
to satisfy the equations [L,R a ] = 0, [R a ,Rp] = and J2 a Ra = (it can be shown that such 
operators do exist). The evolution equations for the mcKP hierarchy are then 

d ka L=[B ka ,L] (fe>l, a = l...r) (5) 

where dka — d/dt^ and B ka = (L k R a ) + . The variable x may be identified with ^^t^] if we 

define also for each k > 2 the new variables t k = ^ 7 then the corresponding flows determine a 
sub-hierarchy of equations that we call the matrix KP hierarchy. 

In [TJj George Wilson obtained a complete classification of the rational solutions to the KP 
hierarchy. More precisely, he proved that the coefficients of an operator L satisfying ([I]) are proper 
(i.e., vanishing at infinity) rational functions of x exactly when L comes from a point of a certain 
sub-Grassmannian of Gr(_ff), which he called the adelic Grassmannian. This space turns out to be 
in one-to-one correspondence with the phase space of the rational Calogero-Moser system [13] ; this 
provides a geometric explanation for the phenomenon, first noticed by Krichever in [6], that the 
poles of a rational solution to the KP equation evolve as a system of point particles described by 
the Calogero-Moser Hamiltonian. On the other hand, the adelic Grassmannian may also be seen 
as the moduli space of isomorphism classes of right ideals in the Weyl algebra [5] , thereby linking 
the subject to the emerging field of noncommutative algebraic geometry. This web of connections 
is sometimes referred to as the "KP/CM correspondence" (see also [T] for a wider perspective on 
that matter). 

The purpose of this paper is to establish some rationality results, obtained in the author's PhD 
Thesis [11] , for the solutions of multicomponent and matrix KP hierarchies. Our main motivation 
is to understand how the above-mentioned results generalise to the multicomponent setting. The 
paper is organised as follows. In section [2] we briefly recall the mapping between points in the 
r-component Segal- Wilson Grassmannian Gr(r) and solutions of multicomponent KP. In section 
[3] we analyse the multicomponent rational Grassmannian Gr ra (r) and display an explicit formula 
for the Baker and tau functions associated to these points. In section 0] we prove two rationality 
results: in Theorem [5] we consider mcKP solutions coming from certain (very special) points in 
Gr rat (r), whereas in Theorem [3] we restrict to the matrix KP hierarchy but consider a much larger 
subset of Gr rat (r). Finally in section \E\ we briefly comment on the relevance of these results for the 
multicomponent version of the KP/CM correspondence. 

Acknowledgements. The author would like to thank George Wilson, Igor Mencattini, Claudio 
Bartocci and Volodya Rubtsov for helpful discussions related to this work. 

2 Preliminaries 

We start by briefly recalling the definition of the r-component Segal- Wilson Grassmannian [10l [8] . 
Consider the Hilbert space ffW = L 2 (S\C r ); its elements can be thought of as functions C — > C 

1 Greek indices will henceforth run from 1 to r. 
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by embedding S 1 in the complex plane as the circle 7^ with centre and radius R G R + . We have 
the splitting H ^ = © in the two subspaces consisting of functions with only positive 
(resp. negative) Fourier coefficients, with associated orthogonal projections tt±. The Segal- Wilson 
Grassmannian of H^ r \ denoted by Gr(r), is the set of all closed linear subspaces W C such 
that 7r+ 1 w is a Fredholm operator of index zero and t^-\ w is a compact operator. 

If we take the elements of to be row vectors for definiteness, the loop group LGL(r, C) 
naturally acts on (hence on Gr(r)) by matrix multiplication from the right. We define r+(r) 
as the subgroup consisting of diagonal matrices of the forrrH 

diag(gi, . . . , g r ) with g a G T + (6) 

where T + is the group of analytic functions g : S 1 — » C* that extend to holomorphic functions on the 
disc { z G CP 1 \z\ < R} and such that g(0) = 1 (cfr. [TO]). It follows that for each g a there exists 
a holomorphic function f a such that g a = e^ a (with f a (0) — 0), and by letting f a — J2i>i H ] z% 
we have 

ffQ (z)=exp]T^V (7) 

i>i 

Thus a generic matrix g G T + (r) may be written in the form 

.g = cxpdiag(]>> (1) z\...,]r4 r V) (8) 

i>l i>l 

and is totally described by the family of coefficients i = (t^\ . . . , t^). 

We now recall the mapping between points of Gr(r) and solutions to the multicomponent KP 
hierarchy. In what follows we will say that a matrix- valued function rp(z) belongs to a subspace 
W G Gr(r) if and only if each row of ip, seen as an element of H^ r \ belongs to W . 

For every W G Gr(r) we define 

T+{r) w :={je r+(r) I Wg" 1 is transverse } (9) 

where "transverse" means that the orthogonal projection Wg~ — > H + is an isomorphism. For 
any g G T + (r) w the reduced Baker function associated to W and g is the matrix- valued function 
ip whose row ip a is the inverse image of e a G i?i r (the a-th element of the canonical basis of C' r ) 
by 

' K +\w g - 1 - ^ follows straightforwardly that 

4>w(g,z) = I r + J2W i (g)z- i (10) 
i>i 

for some matrices (Wj)i>i. Now, since each row of the matrix ipw belongs to the subspace Wg^ 1 , 
each row of the product matrix ipw9 w iU belong to W; the Baker function associated to W is the 
map tpw which sends g G T + (r) w to this matrix: 

i> w (g,z)=(l r +J2Wi(g)z-t)g(z) (11) 
^ »>i ' 

2 More generally, we could consider the subgroup determined by a maximal torus of type r (where r is any partition 
of r) in GL(r, C); this gives rise to the so-called Heisenberg flow of type r. However, as shown e.g. in [4], these flows 
are simply the pullback on Gr(r) of multiple lower-dimensional mcKP flows. 
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Notice that for every 77 S LGL(r, C) one has ipWri(g, z) = ifiwigv so that 

i>w v (g,z) = ^{grf 1 ^) ■ 7/ (12) 

We now recall that expressions such as (jlip are in one-to-one correspondence with zeroth-order 
pseudo-differential operators of the form 

K w = I r +Y,WS)D- 1 (13) 

i>i 

where we consider g as a function of the coefficients t defined by (|8|). From Kw we can define a 
first order pseudo-differential operator Lw via the following prescription ( "dressing" ) : 

L w = KwDK^ 1 (14) 

The following result was proved in [3]: 

Theorem 1. For any point W £ Gr(r) the operator Lw defined by (fT4]) satisfies the multicomponent 
KP equation. 

We remark that the correspondence (fT4|) is not one-to-one: if K' — KG where C = I r + 
^2,j>\CjD~i f or som e family (Cj)j>\ of constant diagonal matrices then L = L' . At the level 
of Gr(r) this "gauge freedom" is expressed by the action of the group T_(r) consisting of diag- 
onal r x r matrices of the form diag(/ii, . . . ,h r ), where each h a belongs to the group (denoted 
r_ in [TU]) of analytic functions h: S 1 — > C* that extend to holomorphic functions on the disc 
{ z e CP 1 I \z\>R} and such that h(oo) = 1. 

Another way to describe the Baker function associated to a point of Gr(r) relies on the so-called 
tau function. Here we do not need to enter into the details of its definition (see again [3]); the key 
fact is that to each subspace W £ Gr(r) we can associate certain holomorphic functions on T + (r), 
denoted tw and Twa/3 for each pair of indices a^/J, determined up to constant factors, such that 
the following equality ("Sato's formula") holds: 

rn^%) ifa = /3 

j>w{g,zU = \ tw }1\ {qqr) (15) 
I Tw{g) 

where for each z g C and a = 1, . . . ,r we define q za to be the element of T + (r) that has q z (C) '■= 1~ 
at the (a, a) entry and 1 elsewhere on the diagonal. 



3 The multicomponent rational Grassmannian 
3.1 Definition 

For the sake of brevity we will denote by 1Z the space of rational functions on the complex projective 
line CP 1 , by V the subspace of polynomials and by 1Z- the subspace of proper (i.e., vanishing at 
infinity) rational functions. We consider the space 1Z T of ?'-tuples of rational functions with the 
direct sum decomposition 

K r =P r © TZ r _ (16) 
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and associated canonical projection maps ir + : W — >■ V r and 7r_ : 7£ r — > W_ . 

We define the Grassmannian Gr rat (r) as the set of closed linear subspaces W C lZ r for which 
there exist polynomials p,q € V such that 

P V r CWC q- x V r (17) 

The virtual dimension of W , denoted vdim W, is the index of the (Fredholm) operator p+ := 7r+ \ w ; 
one has 

vdim = dim W' — r degp (18) 

where W := W/pP r is finite-dimensional. We denote by Gr rat (r) the subset of Gr rat (r) consisting 
of subspaces of virtual dimension zero. 

This space can be embedded in the r-component Segal- Wilson Grassmannian Gr(r) by the 
following procedure: given W € Gr lat (r), we choose the radius R € R + involved in the definition 
of Gr(r) such that every root of the polynomial q appearing in (1171) is contained in the open disc 
\z\ < R; then the restrictions f\ for all / € W determine a linear subspace whose L 2 -closure 
belongs to Gr(r). This embedding automatically defines a topology on Gr rat (r) and its subspaces 
by restriction. 

Lemma 1. A subspace W £ Gr rat (r) has virtual dimension zero if and only if the codimension of 
the inclusion W C q~ x V r coincides with rdegq. 

Proof. Condition (fT7|) may be rewritten as qpV r C qW C V r , so that the codimension of W in 
q~ l V r is the same as the codimension of qW in V r , namely dim'P 1 ' / qW . Taking the quotient of 
both those spaces by the common subspace qpV r we get an isomorphic linear space which is the 
quotient of two finite-dimensional spaces: 

V r _ V r /qpV r 
qW ~ qW/qpV 

Moreover, qW/qpV r = W/pV r = W, so that 

codinig-ipr W = r(degq + degp) — dim W' 

By using (|T8"1) we finally get 

codinig-ipr W = r deg q — vdim W (19) 
from which the lemma follows. □ 

Let's introduce a more algebraic description for Gr rat (r) in the same vein as [T^]. For every 
k = 1, . . . ,r, s£N and A 6 C we define the linear functional evk, s ,\ on V r by 

(evjt )a ,A,(pi,...,p r )) =P ( k s) W 

These functionals are easily seen to be linearly independent; we denote by the linear space 
they generate, and think of it as a space of "differential conditions" we can impose on r-tuples of 
polynomials. We also set 

(r) 
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and 

:= span{evfe jS: A}i<fc<r, o<s<t 

with the convention that \ = {0}. 

Given c € , the finite set of points A 6 C such that the projection of c on < ^ r ' ) is nonzero 
will be called the support of c. For every linear subspace C C < tf( r *> , its annihilator 

V c := { (pi, ..., P r)eV r I (c, (pi, . . . ,p r )) = for all c 6 C } 

is a linear subspace in V r . 

Lemma 2. j4 subspace W C 7?. r belongs to Gr rat (r) i/ and only if there exist a finite- dimensional 
subspace C C "jfW and a polynomial q such that W = q~ 1 Vc; moreover W G Gr rat (r) i/ and onft/ 
r deg g = dim C . 

Proof. Let's suppose that W — q~ 1 Vc for some finite-dimensional subspace C in SfW and let 
{Ax, . . • , A m } be the support of C. For every i = 1, . . . , m let tj be the maximum value of s for the 
functionals ev^ s ^ involved in the elements of C. By letting p := nl^il 2 — \Y i+1 it follows that 
pV r C Vc, hence a fortiori pqV C Vc C 7 :> ' r and dividing by g we see that W £ Gr rat (r). Now, if 
rdegq = dimC then codim-pr Vc = dimC = rdegg and lemma [1] implies that W S Gr rat (r). 

For the converse, let W € Gr rat (r). Then there exist p, q G V such that qpV r C qW C V r \ this 
means in particular that the linear space qW is obtained by imposing a certain (finite) number of 
linearly independent conditions in the dual space of V r jqpV r . The latter can be identified with 
C <8>f7, where U is the linear space of polynomials with degree less than degp + degg, so that qW is 
determined by a finite-dimensional subspace in (C r Cg>£/)*. On the other hand, this space is generated 
by the elements of (e.g. using the functionals evk. s ,o that extract the s-th coefficient of the 
fc-th polynomial). Thus, there exists a linear subspace C C of finite dimension such that 

Vc — qW. If moreover vdiml/F = 0, then by (fT8|) the linear space W = qW/qpV has dimension 
rdegp, so that it must be defined by rdegp linearly independent conditions. It follows that the 
subspace C has dimension r deg q. □ 

In the sequel, the subspace q~ x Vc singled out by this lemma will be denoted simply by (C, q)* . 

Lemma 3. Two subspaces W\ = (C,qi)* and W2 = (C, 92)* determined by the same conditions 
space C in Gr rat (r) lie in the same T^(r)-orbit. 

Actually, the matrix 77 :— belongs to T_(r) (notice that qi and q^ are both of degree 

rdimC) and is such that W\j] = W2. 

We say that a finite-dimensional subspace C C 'g'M is homogeneous if it admits a basis consisting 
of "1-point conditions", i.e. differential conditions each one involving a single point: 

C = C x where C x ■= C n ^ A (r) (20) 
Aec 

We denote by Gr hom (r) the set of subspaces (C,q)* £ Gr rat (r) such that C is homogeneous, 
dim C\ = rn\ for some natural numbers n\ G N and q = qc, where 

q C :=l[(z-Xr> (21) 

Aec 



G 



3.2 The Baker and tau functions 

We would now like to determine the Baker function of a point (C, q)* £ Gr rat (r). By Lemma [3] it 
is enough to consider the case q = z d . Thus, we suppose that dimC = rd and take the subspace 
W = (C, z d )*; we claim that i[>w must have the form 



^w{g,z) 



g[z) 



(22) 



Indeed, by standard arguments (cfr. Sect. 4]), on the one hand we have that each row of the 
matrix- valued function z d ipw(9, z) (for every fixed g) belongs to the L 2 -closure of Vc in (for 
some value of the radius i?), and on the other hand that each functional evk,s,x extends uniquely 
to a continuous functional on H^; hence {z d ipw)a € Vc for every a. Now, 



WJa/3 



z d S afs + J2 w ^9)z d -')g^z) 

3>1 



and if we require every matrix element to be a polynomial, we see that every Wj with j > d must 
be the zero matrix. 

To determine the matrices W\, . . . , Wd, let (ci, . . . , c r d) be a basis for C; for each a we take the 
a-th row of z d tpw aud impose the equalities (cj, (z d V'w)a) — (with i = 1, . . . , rd). This yields the 
following linear system of equations: 



z d 6 af> +J2w ja p(9)z d - j )gp(z)) = 



(23) 



In other words, we have a family of r linear systems, each of which involves rd equations, for a total 
of r 2 d scalar equations. The unknowns are of course the r 2 entries of the d matrices {W\, . . . , Wd}; 
the coefficients of these unknowns involve, as in the scalar case, the gp's and their derivatives 
evaluated at the points in the support of C. 

The tau functions associated to W = (C, z d )* £ Gr rat (r) are readily obtained by imitating the 
calculations in [3]; they are built out of the following family of (rd+ 1) x (rd+ 1) matrices (indexed 
by a,p = 1, ...,r): 



( (ci,5i) 

(ci,g r ) 
(c%,zgi) 

(c%,zg r ) 
(ci,^- 1 ^) 

V (c u z d g a ) 



\ 




.,1-d 



(Crd,9l) 
{Crd-.gr) 

{crd,zgi) 
(c r d,zg r ) 

{CrdiZ d - 1 g 1 ) 

: z" ] 

(c r d,z d - 1 g r ) 

(c r d,z d g a ) 6 a p J 



(24) 
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where in the last column the only nonzero element is on the /3-th row of each block. Notice that in 
an expression like (ci, g 7 ), g 7 must be interpreted as the row vector having <? 7 in its 7-th entry and 
zero elsewhere. 

In terms of these matrices, the "diagonal" tau function tw is simply the cofactor of the element 
Sa/3 — 1 in the lower right corner, or equivalently the determinant of the rd x rd minor obtained by 
deleting the last column and the last row: 

i~w(g) = det((c l ,z ; '" 1 g 7 )) i=i. ..rd (25) 

j=l...d, 7 — l...r 

This is just the matrix of coefficients of the linear system (|23l) . so that the system has a solution 
exactly when g G T + (r) w , as expected. The "off-diagonal" tau function Twap (with a ^ (3) is the 
cofactor of the element z~ x in the last column: 

Twap{g) = (-l) r ' p det((ci, z J ~ 1 (g 1 + 6jd8-fp(zg a -37))}) 1=1. ..rd (26) 

j = l...d, 7— l...r 

Observe that an expression such as z : >~ 1 g 1 may equivalently be read as d\~ 1 g 1 \ this will be useful 
in what follows. 



4 Rational solutions 

We can now prove a rationality result for the solutions of the mcKP hierarchy coming from subspaces 
in Gr hom (r) defined by a set of condition whose support is a single point. 

Theorem 2. Let W G Gr hom (r) and suppose that W = (C, Qc)* with C supported on a single point 
A e C. Then: 

1. Each diagonal entry of the reduced Baker function ipw is a rational function of the times 

. . . , ti that tends to 1 as — > 00 for any a; 

2. The tau function T\y is a polynomial in . . . ,v[ with constant leading coefficient. 

Proof. The two statements are equivalent by virtue of the diagonal part of Sato's formula (|15p . so 
it suffices to prove one of them; we choose the first. By hypothesis we have W = (C, (z — X) d )* with 
C C of dimension rd; let (ci, . . . , c r d) be a basis for it. Consider the subspace U := (C, z d )* g 
Gr rat (r); its tau function is given by (|25|) . To compute the diagonal elements of the corresponding 
Baker function we use Sato's formula for U: 

7 Tu(gq (a ) 

WUaa — J-^— (/'J 

TV (9) 

(here we consider £ as a parameter and z as a variable). Since we are only interested in the times 
with subscript 1 we will work in the stationary setting, i.e. we put t^ = for every k > 2, 
a = 1 . . . m. Each condition Cj is supported at A, hence we can define a family of polynomials 
{<f>ij}i=i...rd,-y=i...r (with (f)^ only depending on t^) by the equation 

(ci,g y ) =ff 7 (A)0i 7 (28) 
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To apply (1271) we need to know the determinant of the matrices c^ 7 1 (c,;, g 7 ) and <9f 7 1 (c.;, g 7 (l — 
5 Q7 |-)). As for the first, by using (|28|) its generic element can be written in the form 

dljH^g-y) = d£ 1 ($jW<kr) = 9,W(di-r + A)'" 1 ^ (29) 
For the second matrix we have 

^i7 1 (c 4 ,3 7 (l - <5 Q7 ^)) = <9^ 1 (c J ;,.g 7 ) - d J 1 ~ 1 (c i ,6 ay g 1 ~) (30) 

The first term is exactly (l29|) , whereas the second is 

£ Q7 c^ 7 (ci,5 7 )C -1 = ^a 7 ^ 7 (g 7 (A)4 7 )C _1 = <5q 7 5 7 (A)(9i 7 + A) 3 4 7 C _1 
By putting all together, equation (|3U| becomes 

g 7 (A)(9i 7 + A) 3_1 (^. i7 - (5 a7 (<9i 7 </>i 7 + A0j 7 )C _1 ) 

that we can rewrite as 

,9 7 (A)(1 - 6 Q7 ^)(<9i 7 + A) 3_1 (4 7 - S aj 1 5i 7 4 7 ) (31) 

C, (, — A 

But (1 — S ai j) = q^aW-y, so plugging (|2"9"|) and (j3"T1) into (|2T|) we obtain 



det 



((<9i 7 + A) J 1 (<^ i7 - <5 a7 ^di 7 <?!>i 7 )J 



- hc(A))" - det(( a l7 + A )i-^ i7 ) " (32) 

The factor (qc;(\)) d disappears when we go back from ipu to ipw', we are left with the ratio of 
two determinants of matrices with polynomial entries in the times t± , which is clearly a rational 
function. Moreover, if we expand the numerator of (|32|) by linearity over the sum, we see that 
the term obtained by always choosing (j)^ exactly reproduces the polynomial at the denominator, 
and all the other terms involve a polynomial which has degree strictly lower than r in some t± 
(since we replace 0i 7 with one of its derivatives) ; this proves that ^waa — ^ 1 as all the t ^ tend to 
infinity. □ 

We now consider the evolution on Gr(r) described by the flows of the matrix KP hierarchy. 
Recall from the Introduction that these are given by the vector fields d/dtk, where t% = '^■y^k^- 
Equivalently, we can take the matrix g 6 T + (r) to be of the form 

ff = diag(e« r ~ lt >*),...,e«'-" 1 *'*)) (33) 

where t = (tk)k>i (and t\ — x). Let's define g := e^ r t,z ) and h := e^*' 2 - 1 (so that g = gl r and 
g r = h); then the Baker and tau functions for the matrix KP hierarchy are naturally expressed in 
terms of h only, since that single function completely controls the flows of the hierarchy. 

Theorem 3. Let W £ Gr hom (r) 7 then: 

1. ipw(h, z ) is a matrix-valued rational function of x that tends to I r as x — > oo; 
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2. Tw(h) and Twafi(h) are polynomial functions of x with constant leading coefficients. 

Proof. Let W — (C,qc)* with C homogeneous and let (Ai, . . . , Ad) be its support with each point 
counted according to its multiplicity (so that the Ai are not necessarily distinct); finally for each 
i = 1 . . . d let {cij)j = i... r be a set of r linearly independent conditions at A^. In this way we get a basis 
(en, . . . , Cdr) for C made of 1-point conditions. Now consider the subspace U := (C, z d )* e Gr rat (r); 
it is related to W by the following element of r_(r): 

V = fl iM'^r = exp (j2 E T 2 '") Ir (34) 

i=l ^fc>0 i=l ' 

This corresponds to multiplying the tau function by 

a=l ^ fc>0 i=l ' a=li=l i=l 

since g a = 9 for every a and g r = h. 

Let's define the family of polynomials {0ij 7 } (for i = 1 . . . d, j = 1 . . . r, 7 = 1 . . . r) by the 
equation 

(cij, 9i) = 5(^t)0ii7 (36) 

Again, this works precisely because each Cjj is a 1-point condition; notice that, although g-y — g for 
every 7, the polynomials 4> still depend on 7 since it is the index of the only nonzero entry of the 
row vector on which Cij acts. 

We can now easily compute the tau functions associated to U by retracing the same steps as 
in the proof of theorem [31 but now using the polynomials defined by (1361) . Then Tjj(g) is the 
determinant of the matrix whose generic element is 

<?(Ai)(<9i 7 + \i) k ~ 1 (/>i n 

The term g(Xi) does not depend on the row indices (fc, 7) so that we can factor it out from the 
determinant and get 

d 

ru = l[(9(k)Y det ((& 7 + Xif- 1 ^) (37) 

i=l 

But T[i(g(Xi)) r — Yli h(Xi) is exactly the inverse of (1331) . so that 

t w = det ((9 l7 + Ai) fe -Vy 7 ) (38) 

is the determinant of a matrix with polynomial entries in t^ — -, hence a polynomial in x and the 
coefficient of the top degree term involves only the constants A^. By Sato's formula, this implies 
that ipwaa -> 1 as a; -) 00. 

Now take a, j3 G {1, . . . , to}, a ^ /3 and consider the off-diagonal tau function Tjj a p(g); it is given 
by the determinant of a matrix M a p(g) which coincides with the one involved in the definition of 
Tu(g) except for the row corresponding to k = d— 1, 7 = /3 which is replaced by the row (cy , df a g a ) . 
But since g a — 9p = 9 we can again collect out of the determinant the same factor as before, so 
that Twap{g) — det$ij : fc 7 with 

^ k . = f(3i7 + Ai) fc -Vij 7 if M dor 7^ 
1 (<9i Q + Xi) d 4> ija if fc = d and 7 = /3 
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This is also a polynomial in x] moreover we can write 

a^ija ) 



(40) 



\d-l. 



But now M a p has also a row (for k = d— 1, 7 = a) whose generic element reads (A^ +d\ a ) ^ja, 
and we can subtract this row multiplied by Ai (say) to the row (|4T))) without altering the determinant, 
so that 

= f(3 l7 + A i ) fe - 1 </»ii 7 iffc^dor 7 ^/3 
lhkl ' I (di a + A 4 ) d - 1 ((A, - \i)<tH ja + di^ijcc) 



if k = d and 7 = /? 



This means that tm/q,^ is the determinant of a matrix whose generic entry is equal or of degree 
strictly lower than the corresponding one on tw', it follows that the degree of Twa/3 is strictly lower 
than tw, and this (again by Sato's formula) implies that the off-diagonal components of tpw tend 
to zero as x — > 00. □ 

To see how some of the new solutions look like, take for example the homogeneous subspace 
with 1-point support W = (C, with G generated by the r conditions 



evfc 1 a +a k i evi n,A H h a kr ev r n,A 



(k = l...r) 



(41) 



determined by the r x r matrix A = (ay). These are, in a sense, the most general conditions 
involving only the functionals ev^^A with s < 1. For the sake of brevity, let's set t\ := r^ 1 (x + 
2t 2 X + 3i 3 A 2 + ...); then 



r w {t) = det(t x I r + A 1 ) T Waf s(t) = 
iP(t,z) = I r -{t x I r + A t ) 



1 



■A* 



z- A 

where cofp iCt stands for the (/3, a)-cofactor of a matrix and A* for the transpose of A. 

More generally, we could take the element of Gr hom (r) determined by the support {Ai, . . . , A„} 
and, for each i = 1 . . . n, a matrix Aj that specifies a set of conditions of the form (|4"Tj) to be 
imposed at the point A^ . The tau function of such a subspace is the determinant of the following 
block matrix: 

/ Yi ... Y n \_ 

A1Y1 + I r ... X n Y n + I r 



V 



n-l Yi 



DA 



n— 2 i 



K. Y n + (n - l)A™- 2 / r y 



where Yi := t^Ir + Ai . The off-diagonal tau functions T\y a f3 are obtained in the usual way (i.e., 
replacing the /3-th line of the bottom blocks with the a-th line of the blocks XfYi + nA" _1 / r ), and 
the matrix Baker function is then given by Sato's formula. When r = 1, these subspaces are exactly 
the ones described in [13l Sect. 3]. 



5 Relationship with the multicomponent KP / CM correspon- 
dence 

Recall from [13] that a crucial ingredient of the scalar KP/CM correspondence is the bijective map 
(3 : C — > Gr ad between the phase space of the Calogero-Moser system C and the adelic Grassmannian 
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Gr a . In the multicomponent case, an analogous mapping should be defined between the phase 
space of the Gibbons- Hermsen system [5] (also known as "spin Calogero-Moser" ) and some space 
of solutions for the matrix KP hierarchy, as suggested by a well-known calculation [7] . 

In Wilson's unpublished notes [14], a map that fulfils this role is conjectured. In order to describe 
(part of) the definition of this map let's recall (see e.g. [El Sect. 8]) that the completed phase 
space of the n-particle, r-component Gibbons-Hermsen system is the (smooth, irreducible) affine 
algebraic variety defined by the following symplectic reduction: 

C n ,r = { (X, Y, v, w) | [X, Y]+vw = -I} /GL(n, C) 

where (X,Y,v,w) G End(C") © End(C") © Hom(C", C r ) © Hom(C r , C") and GL(n,C) acts as a 
change of basis in C". Now denote by C'^ r the subspace of C n ^ r consisting of equivalence classes 
of quadruples for which Y is diagonalisable with distinct eigenvalues; from each of these classes we 
can select a representative such that Y = diag(Ai, . . . , A„), X is a Moser matrix associated to Y 
(i.e. Xij = 1/(A, — Ay) and Xa = on is any complex number) and each pair {vi,W{) (where we 
denote by Vi the i-th row of v and by Wi the i-th column of w) belongs to the algebraic variety 
{((,i))6C r xC r | e-?7 = -1}/C*, where A G C* acts as 

A.(C, ?7 ) = (Ae,A- 1 r,) (42) 

Notice in particular that none of the t^'s and w^s can be the zero vector, by virtue of the normali- 
sation condition ViWi = — 1. 

According to [14], a point [X,Y,v,w] G C'^ r corresponds to the subspace W € Gr rat (r) defined 
by the following prescriptions: 

1. functions in W are regular except for (at most) a simple pole in each A^ and a pole of any 
order at infinity; 

2. if / = 5Zfe>-i fk ( z ~ ^i) k i s the Laurent expansion of / G W in A,; then: 

(a) is a scalar multiple of Uj, and 

(b) (f^+a i £l)-w i = Q. 

Our purpose is now to show how these prescriptions translate in the language of the previous 
sections. 

So suppose that W G Gr ra (r) satisfies conditions (jTH2j); we must find a finite-dimensional, 
homogeneous space of conditions C such that W — {C,qc)* where qc is given by (f2Tj) . Condition 
Q] clearly implies that C has support {A 1; . . . , A„} and Qc = Yli = i( z ~ K) ■ Thus, we only need to 
find, for each i = 1 . . . n, a subspace Cj C ff\ of dimension r whose elements satisfy the conditions 
(|2"aH2bl) . Let's define the n polynomials 

qi := =Y[(z-\ ] ) 

4 S^l ... 

3^ 

for i = 1 . . . n; then by a direct computation we have that 

ev fc ,o,A,(<?c/) = Qi(^i)f-\ tk 
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and similarly 

ev M ,A.(*7/) = E II ^ - W-U + *(^)/o3 

whence (putting & := £^(A, - A**) -1 ) 

nMfol = ( ev fe,i,A< -^<evfc > o,A 4 )(«c/) 
Using these expressions, (j2"a|) reads 

ev fc: o,A, (gc/) = Qi(\)aiVik for all A = 1 ... r 

for some a, S C, but only r — 1 of these conditions are independent because of the C*-action 
on Vi. As we already noticed, at least one entry of «j is nonzero, say vn ^ 0. Then we can use the 
C*-action to normalise vn = 1, so that evi o,Ai(<7c/) — qi(\)&i and the remaining r — 1 conditions 
can be written as 

evfc,o,Ai (qcf) - Vik evi,o,Ai (qcf) = for all k = 2 . . . r 
The further condition (|2b| directly translates as 



E ^fci ( ev fc,i,Aj (qcf) + (<*i - k) ev fci o,Ai (<7c/)) = 



fe=i 



where wu is fixed by the equation ViWi = —1. We conclude that, in the (r — l)-dimensional affine 
cell where Vn ^ 0, we can take as Cj the subspace 

Ci = ^ev 2j o,A, -«i2evi )Qj A i , . . . ,ev ri o,Aj -«ir evi.o.Ao ^ ^fci( ev fc,i,A, +(oi - 5i) evfc.o.Ajy 

Analogous descriptions are available in the other cells, where — for every k < k* and Vik-* 0. 
Repeating this argument for every i = 1 . . . n, we obtain a homogeneous subspace C = C\ © • • • © C n 
in "ifM such that W = (C,qc)*, as we wanted. 

To see a concrete example in the simplest possible case (n = r = 2), consider the space associated 
to a point 

' a i T^tA "\ ^ii M /«u ^i2 N 



«2 / ' V A 2 /'V«21 ^22/ ' \W21 W 2 2 



L V A2-A1 

Suppose further that vu ^ and vi\ ^ 0; the corresponding subspace W 6 Gr hom (2) is then given 
by (z — Ai) _1 (z — \2)~ 1 Vc, where C C 'g't 2 ) is generated by the four conditions 

cn = cv 2 , ,a 1 -fi2evi, ,Ai 

C12 = wu evi.i.A! +W21 ev 2 ,i,A 1 +u>ii(ai + 5) ev^o.Ai +1021(0:1 + 8) ev 2 , ,A 1 
C21 = cv 2 ,o,a 2 -V22 evi j0: A 2 

C22 = W12 evi.i^j +W22 ev 2 ,i,A 2 +^12(0:2 - S) evi, ,A 2 +^22(0-2 - 8) ev 2:0 ,A 2 

where 8 := 82 = —81 = (A2 — Ai) _1 , wu = —1 — t>i2W2i and W12 = —1 — ^22^22- After some 
computation we find 

T W (t) = (t\i + «l)(*A 2 + a-2) + S 2 (V22W 2 1 + Wn)(vi 2 W22 + W i2 ) 
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TW12(t) = -Wi 2 V 2 2{t\ l +Otl) -WnV 12 {t\ 2 +a2)+6(2v 12 V22(wi2W21 ~ W11W22) + V 22 Wi 2 - VuWu) 
TVm(*) = -t"22(*Ai + a l) - ™2l(*A 2 + 0L2) + S(2W21W 2 2(V 2 2 ~ V 12 ) + W 2 1 ~ W22) 

We remark that Tw coincides with the determinant of the matrix X under the evolution described 
by the Gibbons- Hermsen flows = tiY k (taking t^ as the time associated to Hf.): 

(n, -L- +. 9(M) V1W2 \ 

This result fits nicely with the general formulae derived in [14] . 
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